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NOTE ON "AN APPLICATION OF ELLIPTIC FUNCTIONS TO 

GEOMETBT."* 

By Prop. Jas. H. Boyd, St. Paul, Minn. 

Formulas (6) and (11), Annals of Mathematics, Vol. VI, pp. 95 and 97, 



give 

a , \ _ ^s" g tan 4 « . A 4n z* m 

*aW — ^2 (A 2 " z 2 — z*f (A 2 " z 2 — zif W 

+ *> 

= ^iP(«- i'i) + 2 p (m — u 2 ) + 0. 6 ~(u — w,) 

+ C i a -{u-u 2 ) + C b , 

where S A (z) represents the sum of the areas of circles which touch each other 
successively and are inscribed in a crescent formed by the intersection of two 
circles. The C's are constants to be determined. 

We know by the theory of decomposition of fractions into their partial 
fractions, that, 

«__ ._ _ _. 4q _ _l _A _|_ B » _|_ _A _ 



(» — af (x — /9) 2 (a? — «) 2 ' * — a ' (x — /9) 2 ' « — /9 ' 
where, 

(«-/3) 2 ' ^- («-/3> 



/< - a A — a ~r P (V\ 



/? B _ * + /? 

(«-/3) 2 ' ^ I_ («-i9) 3 



Putting, therefore, x = A 2n 3 2 , a = 2^, and /3 = s 2 2 , we shall have 

A 4 "g 4 z 2 h^z 2 

(A 2 " z 2 — z 2 ) 2 (A 2 " z 2 — zif (z 2 — 3 2 2 ) 2 (A 2 " z 2 — z 2 ) 2 

zjh^z 2 {z 2 + zj)h 2n z 2 

+ (z 2 — z 2 ) 2 (A 2 " z 2 — z 2 ) 2 (z 2 — z 2 ) 3 (A 2 " z 2 — z 2 ) 

(z 2 + z 2 )A*>z 2 , _ 

* See Annals of Mathematics, Vol. VI, No. 4. 
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hence substituting in (1), 
Sa(*) = Ci P (« - «0 + C, p (« - i h ) + C 3 ~(u- u x ) + Cf- (n - « 2 ) + <7 5 



Trtan^.g^A^g 2 ^T a- tan'a . g 2 2 A 2 " g 2 

' (zf — zfY^z' — ziy + ^ > " (g, 2 — g 2 2 ) 2 ( A 2 " g 2 — g 2 2 ) 2 W 

«^£- a tan 4 « . (g 2 * — g^.A^g 2 ) 
+ ^>"( Sl 2 — ss*f(h** — zfijh^z 2 — z*) * 
+ « 

From § 9, (4) of Weierstrass and Schwarz's Elliptic Function Formulas 
(Edition of 1885), we hare 



p u 



_I_ 



W J J (^ _ 1)2 + ^_ B (1 _ £*• g 2 ) 2 + ^." (1 — A 2 " g~ 2 ) 2 5 ' ( ^ 

We had found (Annals, Vol. VI, p. 96) that, when u becomes u — M,orw — w 2 , 



z becomes — or — respectively. 

Z \ Z 2 



Hence, 



K— J~J-(5]" \j0^ + 



+ >» 



A^s 2 ^ 2 
'(s^—A^s 2 ) 2 

A^g-'g,-' 
(g,- 2 — A 2n g~ 2 ) : 



}, (6) 



= — I— £ 

0» CO 



h^z 1 



(7) 



p (« — M 2 ) = _ 3 — 



-g,'. 



A^g 2 
'(A^g 2 — g 2 2 ) 2 



(8) 



From page 96, Volume VI of the Annals, just below formula (9), we have 
A 2 "g 2 CO 



(A*» J _ gfl ( A 2n Z 2 _ ^2) ni fgS _ ^1) 



• |-( M — M l) — -("— M 2 )| 



+ 00 



1 Ol — M 2 ) . ,QX 
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and from (7) and (8), 

A 2 "* 2 



+ * 



+ » 



'(/ l 2n s 2_ 3i y 






TtZ, 



CO 

TTZ„ 



•P('« — Ml) 



.p(w — u 2 ) 



COT] 



(xz 2 f 



(10) 



(11) 



Substituting the values of the ^'s in (9), (10), and (11) in (4), we have, 
<?! p (w — mJ + C 2 p («— u 2 ) + £, 1 (« — Ml ) + C i - (u — u 2 ) -f- C 5 
« 2 tan 4 a , . co tj tan 4 a 

- - n m & - z 2 y ■ p (M ~ MJ ~ ? • ( Sl 2 - s /) 2 

_ a> 2 tan 4 a , > co -q tan 4 « 

_ ¥ • ( Sl 2 _3/) 2 • p ^ M "»' ~ ff • (z*-z 2 y 

co tan 4 « gi 2 + g 2 2 J £ , _ , _ a? , . ) 



(z* -j- g 2 2 ) j tan 4 a 
(^i 2 — 2 2 2 ) 3 ■»*(«! — w 2 ) _1 ' 

The C's, therefore, must have the following values : 

n n co 2 tan 4 a 

O, — o 2 — — — . 



4 = 



Ci = - 



7r'( 31 2 -* 2 2 ) 2 ' 

co tan 4 a s^ -f- 3 2 2 



i -w-zif 

p _ ^ tan 4 a C 2w z* + s 2 2 w, — u 2 ) 



(12) 

(13) 
(14) 
(15) 



Our original problem is now completely solved, since SJz) has been shown 

to depend upon p-function of u — u lt u — u 2 , and — function of the same, and 

upon the coefficients C v C 2 , 3 , C t , C 5 , which involve z x , z 2 , u x , u 2 , and y, co, a. 
How these latter elements may be calculated has already been shown in the 
Annals, Vol. VI, p. 97. 



March i, 1892. 



